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Abstract-A three-dimensional, discrete mathematical model of the human spine, torso, 
and head is described. The model consists of a system of rigid bodies representing the 
head, vertebrae, pelvis, and viscera, interconnected by deformable elements repre- 
senting the intervertebral discs, ligaments, and other connective tissues. The model is 
a modified version of a previously developed head-spine model, the primary modifi- 
cations being the incorporation of a detailed representation of the viscera-abdominal 
wall system and the determining of more accurate model damping parameters. Driving 
point impedances for vertical (+ G,) excitation were numerically determined for both 
the modified and the older model and compared to experimentally obtained driving 
point impedances of human volunteers. It is shown that the modified model’s impedance 
is in much better agreement with the experimental results than that of the older model. 
1. INTRODUCTION AND LITERATURE REVIEW 
Interest in the behavior of the human body when subjected to high vertical (+ G,) 
acceleration environments, such as those encountered during ejection from disabled high 
speed aircraft, can be traced back to the mid 1940’s. The introduction of jet propelled 
aircraft complicated the process of crewmember escape: the problem of safely clearing 
the components of the plane became a major consideration. This brought about the de- 
velopment of the ballistically fired ejection seat. It also brought about the problem of 
spinal injuries in crew members resulting from the high initial + G, acceleration levels 
required to eject them safely clear of the components of the plane. Consequently, the 
importance of studying the human body’s tolerance to vertical acceleration became widely 
recognized. These studies have been approached in two ways; experimentally and ana- 
lytically . 
Experimental approaches, which date back to the 1940’s [ll, consist primarily of drop 
tower tests on human and nonhuman subjects and investigations of the human body’s 
impedance. Some reasons why limited information on the dynamic response of the human 
body and the human injury potential of high acceleration environments can be gained 
experimentally are as follows: limitations on acceleration levels which may be imposed 
upon a human volunteer; significant differences in the response of live humans and ca- 
davers; the questionable validity of the predicting of the responses of live humans based 
on the observed responses of live nonhuman primates; the difficulty in measuring human 
body subsystem responses; and the cost and preparation time involved. 
Because of the drawbacks of the experimental approaches, interest in the development 
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of accurate mathematical models of the human body for the study of its response to high 
accelerations has increased considerably. Nonetheless, experiments play an extremely 
important role because they provide the only physical data with which the responses 
predicted by the analytical models can be compared to establish their validity. 
Mathematical models of the spine have evolved into two general classes: continuum 
and discrete models. The term continuum here refers to models where the spine is treated 
as homogeneous, requiring the determination of extrapolated material properties repre- 
senting the composite behavior of the intervertebral discs and the vertebrae. In the dis- 
crete models, the individual vertebrae are modelled as rigid bodies interconnected by the 
discs and the various spinal ligaments. This allows for the direct utilization of experi- 
mentally measured disc and ligament properties. 
Early analytical studies of the dynamic response of the human body to + G, acceler- 
ations employed simple one degree-of-freedom models. Latham [21 is generally cited as 
the first to employ such a model. Payne 131 also employed such a model which, after 
subsequent correlation with injury data, became known as the Dynamic Response Index 
(DRI) model. 
Subsequent models became increasingly more complex. Multidegree-of-freedom dis- 
crete models were developed by Toth 141 and Payne and Band 151, but their models were 
restricted to axial responses only. Two-dimensional continuum models which considered 
both axial and flexural responses were developed by Moffat 161 and Liu and Ray 171. 
Moffat’s model was based on a small displacement formulation. The Liu and Ray model 
used a large displacement formulation, but since the elastic constants of the model were 
based on the elastic properties of the isolated ligamentous spine (no torso action consid- 
ered), it demonstrated very large displacements. 
The first discrete model to represent all the vertebrae and discs of the thoracolumbar 
spine (7’1 to L5) was developed by Ome and Liu 181. It included the axial, shear, and 
bending resistance of the discs with each vertebra modelled as a rigid body. Spinal cur- 
vature and variations of disc stiffness with vertebral level were treated. Orne and Liu 
also introduced the concept of modelling the inertial properties of the torso by assigning 
to each vertebral level the inertial properties of the associated torso cross-sectional seg- 
ment. Interaction of the spine with the torso, ejection seat, or a restraint system were 
not considered. Failure to represent these interactions in a large displacement formulation 
results in unrealistic deformation of the spine and may invalidate the force distributions 
predicted by the model. The Ome and Liu model was subsequently modified by Prasad 
and King [9] to include the articular facet interaction. The motivation for this was to 
model a secondary path of load transmission along the spine which is provided by the 
kinematic actions of the articular facets as determined by the experimental work of Prasad 
et al. [IO]. 
The models described above were restricted to one- or two-dimensional behavior and 
did not consider the interaction of the spine with other portions of the torso such as the 
rib cage and the viscera. The first three-dimensional head-spine model was developed 
by Belytschko et al. [ 111. They employed a small strain, large displacement formulation 
based on a rigid-convected (or corotational) treatment of the deformable elements de- 
scribed by Belytschko and Hsieh [12]. Belytschko et al. developed several models of 
varying complexity. The basic model was the isolated ligamentous spine (ILS) model 
consisting of rigid bodies representing the head, vertebrae Tl through LS, and the pelvis, 
interconnected by deformable elements representing the intervertebral discs and the var- 
ious connective tissues. 
The complete spine model (CSM) of Belytschko et al. consisted of the ligamentous 
spine model plus detailed representations of the cervical spine, the rib cage and the 
viscera. The cervical spine model consisted of rigid bodies representing vertebrae C2 
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through C7 interconnected by deformable elements representing the intervertebral discs. 
By including the interaction of the spine with the torso, Belytschko et al. were able to 
employ their model to investigate the behavior of the spine in situations involving sub- 
stantial bending. Their models also included representations of the ejection seat and a 
harness and seatbelt. 
Despite the complexity of the discrete, multidegree-of-freedom models of Ome and 
Liu, Prasad and King, and Belytschko et al., these models contain substantial idealiza- 
tions of the human head-spine system. These idealizations have often been required 
because of a lack of needed experimentally measured data. It is, therefore, imperative 
that these models be validated by comparison of model responses with any appropriate 
experimental observations on the response of the human body in dynamic environments. 
A major source of dynamic body response data are measurements of human volunteer 
driving point impedances. This is a quantity which can be fairly easily measured and 
provides significant information as to the excitation frequencies at which the maximum 
mechanical energy is transmitted to the body. 
Major contributions to our knowledge of human body impedance were made by Coer- 
mann et al. [13,14], and Vogt et al. [151. They determined the impedances of human 
volunteers by subjecting them to shake table induced vibrations and measuring the sinu- 
soidal reaction force at the point of excitation. The impedance (or more correctly, mod- 
ulus of impedance, since impedance is actually a complex quantity) was then taken to be 
the ratio of the magnitude of the reaction force to the magnitude of the sinusoidal exci- 
tation velocity. An experimentally determined impedance curve which presents imped- 
ance as a function of shake table vibration frequency gives insight into the frequency 
content of the human body and its gross elastic, viscous, and intertial properties. 
Coermann et al. determined impedance curves for human volunteers in sitting and 
standing positions by shake table induced vertical (+ G,) vibrations through a frequency 
range of I to 19 Hz. They found that the dominant peak of these curves occurred typically 
in the neighborhood of 5 Hz. Coermann et cd. also measured resonances in the displace- 
ment responses of the viscera-abdominal wall and the lungs-chest wall systems through 
shake table induced horizontal vibrations (parallel to the longitudinal body axis) of sub- 
jects placed in a supine position through a frequency range of 1 to 15 Hz. They found 
that the displacement responses of these human body subsystems exhibit resonances 
between excitation frequencies of 3 and 4 Hz. 
Vogt et al. [153 obtained impedance curves for ten male volunteers seated in slightly 
erect postures and loosely restrained. The dominant peak of these curves occurred typ- 
ically in the neighborhood of 5 Hz. 
Woods [161 reports a peak in the 4 to 6 Hz range in transmissibility curves obtained 
through shake table induced vertical vibrations of three human volunteers through a 
frequency range of 1 to 10 Hz. Transmissibility differs from impedance in that it is a 
.dimensionless parameter epresenting the ratio of similar system response and input quan- 
tities (e.g., ratio of head acceleration to seat acceleration). Nonetheless, transmissibility 
peaks and impedance peaks occurring at similar frequencies are generally representative 
of identical subsystem resonances. 
The impedance characteristics of the complex multidegree-of-freedom models of Orne 
and Liu, Prasad and King, and Belytschko et ul. were not reported. One reason for this 
is that the determination of a model’s impedance through direct integration is a compu- 
tationally time consuming process since the model has to be excited harmonically until 
steady state response is obtained at each frequency for which the impedance is desired. 
However, Belytschko et al. did report modal analyses results for their isolated ligamen- 
tous spine model with head and pelvis (ILS) [l 11. They found that the lowest axial 
frequency of this model was 17 Hz. This is considerably higher than the 5 Hz value 
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observed by Coerman ef al. and Vogt et al. as the approximate location of the dominant 
peak in their experimentally measured impedances. Because this disparity is far greater 
than that which would result from any likely error in the stiffness or inertial properties 
of their model, Belytschko el al. concluded that the 5 Hz peak in experimentally deter- 
mined impedance curves cannot be attributed to an axial response of the spine. They 
suggested that this peak may be attributable to a resonance of a spine flexural mode which 
is parametrically excited by vertical dynamic input through the pelvis. 
In this paper we report results from an investigation (Belytschko and Privitzer [171 and 
Privitzer [ 181) dealing with the modification and validation of the human head-spine 
models developed by Belytschko ef al., by comparisons of model responses to experi- 
mentally measured responses of human volunteers [13,14,151. Specifically we address 
model modifications; the comparison of model impedance and experimentally measured 
impedances for the ILS head-spine model of Belytschko et al. and the modified model; 
and the method developed to compute model impedances. 
2. DESCRIPTION OF MODELS 
Two discrete analytical models of the human body are addressed in this paper. The 
isolated ligamentous spine (ILS) model is the basic head-spine model developed by 
Belytschko et al. [Ill. The isolated ligamentous spine with viscera (ILSV) model, de- 
veloped as part of this investigation, is a modified version of the ILS [17,183. The main 
difference between the ILS and ILSV is that the ILSV contains a detailed representation 
of the viscera-abdominal wall system and its interaction with the spine. Also, the ILSV 
damping constants have been modified to reflect more realistic damping values than those 
of the ILS. The complete spine model (CSM) of Beltyschko et al. 1111 included a detailed 
representation of the viscera. They were modelled with hydrodynamic elements stacked 
in series between the pelvis and the bottom of rib pair 10 (the rib pair connected to 
vertebra TlO). However, the inertial properties of these elements were chosen somewhat 
arbitrarily and the lateral interaction between the spine and the viscera was not consid- 
ered. 
These models are separate data bases for a dynamic matrix structural analysis program 
also developed by Belytschko et al. 1111. The program’s formulation is completely three- 
dimensional and treats large displacements and rotations of the rigid bodies although 
some elment deformations are restricted to be moderately small. Three techniques are 
provided for solving the equations of motion-explicit and implicit temporal integration 
schemes and a modal analysis procedure. 
In both the ILS and ILSV, rigid bodies are used to represent the head, pelvis, and the 
torso segments or vertebral levels corresponding to thoracic vertebrae Tl through TlO. 
Each vertebra is rigidly embedded in its respective torso segment. In the ILS, thoracic 
vertebral levels Tl 1 and T12 and lumbar vertebral levels Ll through L5 are also rep- 
resented by single rigid bodies. In the ILSV, each of the vertebral levels T 11, T12, and 
Ll through L5 is separated into two rigid bodies, one corresponding to the mass of the 
vertebra and associated tissues, the other corresponding to the mass of the viscera- 
intestines and other soft organs plus surrounding muscles. This distribution of vertebral 
and visceral masses is based on the torso cross-sections reported by Eycleshymer and 
Shoemaker [191. 
Figures 1 and 2 show the frontal plane (from the back) and sagittal plane (from the 
side) views, respectively, of the ILSV. The crosses, solid circles, and triangles represent 
primary nodes, which correspond to the locations of the mass centers of the rigid bodies. 
For vertebral levels Tl through TlO, the crosses represent the mass centers of entire 
torso segments. This inertial representation was first introduced by Orne and Liu 181. For 
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Fig. 1. Isolated ligamentous spine with viscera (ILSV); frontal plane view. 
vertebral levels T 11 through S 1, (Sl is the first sacral vertebra, located below LS), the 
triangles and solid circles represent the locations of the mass centers of the vertebral and 
visceral masses, respectively. 
The geometry of each vertebra is determined by the position of 13 points, or secondary 
nodes, representing the centers of the inferior and superior end plates; the spinous process 
tip; the left and right transverse process tips; the left and right/inferior-superior ligamenta 
flava points. Adjacent vertebrae are interconnected through the secondary nodes by de- 
formable elements representing the connective tissues: ligaments and the intervertebral 
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Fig. 2. Isolated ligamentous spine with viscera (ILSV); sagirtal plane view. 
disc. Spring elements having resistance in tension only are used to represent the liga- 
ments. The articular facets in the thoracolumbar spine are aLso represented as spring 
elements. The primary source for the geometric and material data for the spine is Schultz 
PI al. [20,21,221 and Andriacchi et al. 1231. The intervertebral discs are modelled as short 
beams. These eIements are described in detail by Belytschko ef al. {I 13 and Schwer 1241. 
During the course of this investigation, we found that representations of the viscera 
and rhe seat (the term seat refers to the combined actions of the buttocks and the ejection 
seat) are essential for the model to accurately represent the dynamic behavior of the 
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seated human when subjected to + G, excitation. Although the spine is the primary load 
carrying member in the torso, the investigations of Weiss and Mohr 1251 and Torvik 1261 
have demonstrated the transmission of a longitudinal wave through the abdomen in sub- 
jects impulsively loaded through the seat. Hence, the viscera provides a secondary path 
of force transmission between the seat and the upper torso. 
Coermann et al. [14] found that the displacement responses of both the viscera- 
abdominal wall and the lung-chest wall systems exhibit resonances between 3 and 4 Hz. 
This indicates that the secondary longitudinal load path through the torso may consist of 
these two systems acting in series and coupled through the diaphragm. The viscera (vis- 
cera will be used to mean the coupled viscera-abdominal wall system) also transmits 
forces to the upper spine through the diaphragm. The lung-chest wall system was not 
considered in the present study. In the ILSV, the viscera transmits longitudinal forces 
to the upper torso through a rigid link connecting the topmost visceral element to the TlO 
torso segment primary node. 
The 3 to 4 Hz resonance in the visceral displacement response combined with a visceral 
damping ratio of between 0.3 and 0.5 [251 translates into a natural frequency of between 
4 and 5 Hz. This is in the neighborhood of the average frequency (5 Hz) at which the 
major peak in experimentally measured human volunteer impedances occurs. Hence, it 
is of interest to see if this peak is caused in part by a resonance of the viscera-abdominal 
wall system. 
Motivation for the incorporation of a representation of the seat into the model is based 
on the work of Payne and Band [51 and Payne 1271. They suggest that the major peak in 
experimentally measured human volunteer impedances is dominated by the steatopygic 
mode, i.e., the approximate rigid body motion of the torso relative to the seat. 
It was assumed that the primary mode of force transmission through both the viscera 
and the seat is longitudinal, i.e., the viscera or seat transmit no shear or flexural loads. 
Hence spring elements were used to connect the visceral masses and to represent the 
seat in the ILSV. 
Although the nonlinear material behavior of the viscera and the seat has been reported 
by several investigators, very limited quantitative information on the observed behavior 
has, in general, been provided 113, 14, 15, 25, 271. Yamada [281 reports stress-strain 
curves for various organs of the abdominal viscera, such as the stomach and the small 
and large intestines. Although his results show a rather broad range of quantitative be- 
havior for the different organs, as well as for different portions of the same organ, they 
indicate that the overall force-deformation characteristics of the viscera may be approx- 
imated by a cubic law. It was assumed that the behavior of the seat could also be ap- 
proximated by a cubic law. Hence, the viscoelastic behavior of the ILSV visceral ele- 
ments and seat element is modelled as 
F = (k, + k,6*)6 + c~(k, + k2ti2)& (1) 
where 
k,,k, = linear and cubic stiffness coefficients, respectively; 
a = stiffness proportional damping parameter; 
S& = deformation and deformation rate, respectively. 
The stiffness proportional damping parameter is 
cy = 2&, (2) 
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where p is the damping ratio corresponding to the vibration mode with undamped natural 
circular frequency, p 1291. 
The linear stiffness coefficients of the visceral elements were computed as follows. An 
undamped natural frequency of 5 Hz was determined for the viscera based on the results 
of Coermann et al. 1141 and Weiss and Mohr 1251. Treating the viscera as a one-dimen- 
sional rod fixed at the pelvis and diaphragm, the fundamental natural frequency, f; is 
related to the elastic longitudinal wave speed, C, by 
f = Cl2L, (3) 
where L = length of the visceral “stack.” 
The elastic longitudinal wave speed is given by 
c=G, (4) 
where 
E = effective elastic modulus of the viscera-abdominal wall system; 
p = visceral density = 1 g/cc. 
Combining Eqs. (3) and (4) yields 
E = p(2Lf)2. (3 
With p = 1 g/cc, L = 31.64 cm (the distance between the pelvis and TlO mass centers 
in the ILSV), and f = 5 Hz, Eq. (5) yields a value of 1 x lo5 dyn/cm’ for the effective 
elastic modulus of the viscera-abdominal wall system. The linear stiffness of a visceral 
element is then given by 
K1 = AEIL, (6) 
where 
A = average visceral cross-sectional area associated with the element; 
L = length of the visceral element. 
No sources were found from which the cubic stiffness coefficients of the visceral 
elements could be determined. However, since the method developed for obtaining model 
impedances requires a linear response, only linearized visceral stiffnesses were used in 
obtaining the impedances. The method used to determine the cubic stiffness coefficients 
of the visceral elements and the seat element is discussed in Refs. 17 and 18. 
At each vertebral level, S 1 through T 11, the visceral and vertebral masses are inter- 
connected by a spring element which represents the lateral coupling between the spine 
and the viscera as well as the membrane action of the abdominal wall. The stiffnesses of 
these elements were determined through a parameter study which will be described in a 
later section. 
In the ILSV, a single element, referred to as the seat, is used to represent the deform- 
ability of the glutial muscles and tissues as well as the ejection seat itself. The behavior 
of the seat is also described by Eq. (1). Payne and Band 151 and Payne 1271 suggest that 
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Table I. ILSV spinal geometry from Belytschko ef crl. [ill 
Vertebral 
level 
Coordinates of 
inferior 
end plate center 
F (cm) : (cm) 
Vertebral Intervertebral 
body height disc height 
(cm) (cm) 
L5 
L4 
L3 
L2 
Ll 
712 
Tll 
710 
T9 
78 
77 
76 
T5 
74 
73 
T2 
Tl 
1.800 2.020 
1.100 5.700 
1.000 9.550 
1.331 13.450 
2.142 17.150 
3.003 20.590 
3.882 23.680 
4.594 26.500 
4.849 29.240 
4.638 31.830 
4.580 34.300 
4.250 36.610 
3.990 38.850 
3.690 41.000 
3.350 43.150 
2.920 45.260 
2.410 47.440 
2.392 
2.636 
2.751 
2.792 
2.726 
2.567 
2.433 
2.298 
2.146 
2.073 
2.019 
1.990 
1.957 
1.902 
1.850 
1.790 
1.648 
1.859 
1.354 
1.223 
1.173 
0.9% 
0.822 
0.645 
0.477 
0.460 
0.459 
0.404 
0.314 
0.266 
0.214 
0.274 
0.306 
0.448 
Table 2. Isolated ligamentous spine with viscera (ILSV) inertial data 
Vertebral 
level 
Translational 
mass 
(g x 1W 
Rotational mass 
(g-cm’ X 105)* 
i, I,, I,, 
Pelvis 
L5 
L4 
L3 
L2 
Ll 
T12 
Tll 
710 
T9 
T8 
T7 
76 
T5 
T4 
T3 
T2 
Tl 
Head 
Sl 1.708 0.100 0.100 0.100 
L5 1.774 0.590 1.741 2.114 
L4 1.625 0.485 1.608 1.887 
L3 1.720 0.442 1.616 I .837 
L2 1.670 0.537 1.628 1.931 
Ll 1.676 0.556 1.519 1.916 
712 1.341 0.476 1.277 1.671 
Tll I .282 0.490 1.201 1.704 
Vertebral inertial data 
16.200 12.800 
0.466 0.044 
0.562 0.042 
0.433 0.027 
0.342 0.018 
0.284 0.014 
0.333 0.014 
0.318 0.012 
1.352 0.603 
1.417 0.616 
I .326 0.554 
1.308 0.535 
1.193 0.443 
1.175 0.383 
1.064 0.314 
1.160 0.288 
1.074 0.208 
1.359 0.075 
5.612 4.479 
Visceral inertial data 
20.000 19.300 
0.054 0.083 
0.0% 0.123 
0.066 0.086 
0.067 0.080 
0.050 0.059 
0.032 0.035 
0.029 0.033 
1.129 1.648 
1.230 1.716 
1.208 1.670 
1.219 1.659 
1.162 1.546 
1.151 1.490 
1.060 1.354 
1.174 1.422 
1.029 1.230 
0.518 1.716 
4.044 3.385 
*Rotational masses about body axes T, 7. ? which coincide with 
the principle axes of inertia. 
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Table 3. Isolated ligamentous pine with viscera (ILSV) stiffness data 
Disc 
level 
Axial Torsional 
stiffness stiffness 
dyn-cm x IO9 dyn-cm x IO9 
Bending 
stiffness 
dyn-cm x 10’ 
Visceral 
stiffness 
dyn-cm x IO9 
Sl-L5 1.10 0.90 0.70 
L5-L4 1.40 1.10 0.80 
L4-L3 1.50 1.20 0.90 
L3-L2 1.50 1.20 0.90 
L2-Ll 1.60 1.20 0.90 
Ll-712 1.80 1.00 0.90 
712-711 1.50 0.80 1.00 
71 l-710 1.50 0.70 1.20 
710-79 1.50 0.70 1.10 
T9-78 1.50 0.60 1.10 
78-n 1.50 0.60 1.00 
77 -76 1.80 0.60 1.00 
76-75 1.90 0.60 1.00 
75-74 2.10 0.60 1.00 
74-73 1.50 0.40 0.60 
T3-72 1.20 0.30 0.40 
72-71 0.70 0.20 0.20 
Neck 0.14 0.52 0.69 
1.29 
1.68 
1.64 
1.91 
2.24 
2.42 
2.62 
2.86 
All ligament and facet axial stiffnesses = 1.5 x 10’ dynicm. Pelvis-51 visceral element 
stiffness = 0.92 x 10’ dyn/cm. All viscera-vertebra interconnecting element stiffness = 1 .O 
x 106dyn/cm. 
the major peak in experimentally obtained impedance curves of seated human volunteers 
is dominated by the steatopygic mode (approximate rigid body motion of the torso relative 
to the seat). This peak occurs typically at approximately 5 Hz. Hence, a seat element 
linear stiffness coefficient of 6.6 x 10’ dyn/cm was determined by requiring an ILSV 
steatopygic mode of 5 Hz. 
Table 1 lists some of the spinal geometric data for the ILSV as determined by 
Belytschko et al. 1111. Tables 2 and 3 list the inertial and stiffness data for the ILSV. 
3. IMPEDANCE VIA THE DISCRETE FOURIER TRANSFORM 
The impedance of a system driven by harmonic input, as measured at the point of 
excitation (also known as driving point impedance), is defined as the complex ratio of the 
Fourier Transforms of the force on the driving point and the velocity of the driving point. 
The quantity treated in this study is the impedance magnitude, or modulus of impedance, 
which is a function of the excitation frequency. A plot of the modulus of impedance for 
a linear system gives insight into the frequency content of the system and the effects of 
the viscous, elastic, and inertial properties of the different elements of the system. 
It is not possible (from a practical viewpoint) to obtain analytical expressions for the 
response, and hence the impedance, of complex mechanical systems such as the ILSV. 
The method used for the numerical time integration of the equations of motion yields 
discrete functions of time with the discrete values occurring at equal time intervals [Ill. 
The complex discrete systems being considered are linear and stable and the prescribed 
excitation is expressible in terms of exponential components of the form, e’“J, where w, 
represents a discrete spectrum of frequencies and j = fi. With these considerations 
satisfied, the discrete time domain response can be transformed into the discrete fre- 
quency domain by means of the Discrete Fourier Transform (DFT) via its computer 
based algorithm, the Fast Fourier Transform (FFT) [30, 311. 
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The DFT form of the continuous Fourier Transform pair is 
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F(w,) = z f(tk) e-j”nlk 
k=O 
nhere 
(W 
G’b) 
tl, = kAt = time at solution step k; 
At = sampling interval (solution time increment); 
N = number of data points; 
%I = nth frequency = 2xnlNA.t. 
For any complex multidegree-of-freedom system, there are many parameters which 
effect the numerical solution. For a given set of these parameters, the accuracy of the 
DFT of a discrete solution for the transient response of such a system is primarily a 
function of the solution time step, At, and the number of solution steps, N. It is assumed 
here that the sampling interval or solution time increment, At , is sufficiently small so as 
to produce minimal error in the DFT. A time increment in the range such that a discrete 
solution obtained by an implicit temporal integration procedure is convergent, usually 
satisfies this criterion. The accuracy of the DFT of this discrete solution for a damped 
system then becomes primarily a function of the number of solution steps and hence, the 
solution duration, T = NA t. For an undamped system, a solution duration that exceeds 
the inverse of the lowest natural frequency of the system is sufficient. 
The question arises “How is the required solution duration determined?” In the 
method developed here, a unit step velocity is prescribed at the point of interest (the 
driving point). The required response is that of the discrete internal force time history at 
the driving point, f( fk), which is a superposition of all the modes of the system (assuming 
the SyStHII iS linear). Since f(tk) is the tratISknt response Of a damped System, f(tk) + 
0 as tk ---, m. A subsequent derivation will show that, for a simple damped oscillator, the 
error in the transform due to time domain truncation at time, tkr is of the order of the 
amplitude ratio cfk/fo) where fk is the amplitude at tl, and f. is the peak amplitude. 
This is analogous to the concept of settling time in signal analysis. Settling time is 
defined as the time required for a response to reach and stay within 2% of its final value 
t321. It is given by 
4. = 41/q, (8) 
where 
CL = damping ratio; 
j3 = natural circular frequency. 
From the formula for the logarithmic decrement, which gives the decay in the transient 
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response of a damped single degree-of-freedom system, it can be shown that the time 
required to attain an amplitude reduction of fk/.fo is 1333 
T=-$ln 2 0 (9) 
Equation (8) follows from (9) when fk/fO = 0.02. 
Equation (9) is not necessarily applicable for predicting the time required to attain a 
specified amplitude loss for the transient response of a multidegree-of-freedom system. 
If different levels of damping are associated with the various modes of the system and 
if some of the higher modes are damped less than the lower modes, then it is possible 
that the lower mode vibrations will damp out faster than the higher modes. In this case 
Eq. (9) cannot be applied. If, however, the viscous behavior of the system is such that 
the lowest mode is damped the least, which is characteristic of structural and biome- 
chanical systems, then Eq. (9) may be applied using the lowest frequency of the system 
and the associated damping ratio. In this case, _& and fk are identified with the lowest 
mode component of the transient response rather than the total transient response di- 
rectly . 
We now show that the Fourier Transform of the transient response of a simple damped 
oscillator defined on the finite interval IO, Tl, where T is computed from Eq. (9), con- 
verges to the transform of the same response defined on the semi-infinite interval [O,m), 
and that the error in the transform is of the order fk/fO. 
Since we are treating a simple damped oscillator, we will investigate the following two 
transient responses, 
f(r) = ebUt(CI sinbt + C, cosbt), 0 I t < m 
and 
(loa) 
(lob) 
where 
Ci = -mP(l - 2p2)/ x47?; 
CL = -2mPg; 
m = mass. 
f(t) is the solution for the force transmitted to the support of a simple damped oscillator 
driven by a unit step velocity at the support. The Fourier Transform of fit) is 
- mkW + j2cLu) 
f(r) e+W = p2 _ w2 + j2ppw (114 
A head-spine model 201 
and the magnitude of F(jw) is 
(F(jw)( = Qw) = mN@’ +t2FwJ2 
d/(p’ - W2)* + (2@0)2 
The Fourier Transform of f’(t) is given by 
T 
F’(jw) = c, I 
T 
0 e- (O+jw)r sinbt dt + Cz I 0 e- (=+j”)* cosbt dt. 
Performing the integration required in Eq. (12) and rearranging terms yields 
F’(jo) = 
Clb + &(a + jo) 
(a + jw)’ + b2 
C, e-W+jo)T 
+ (a + jw)* + b* 
[-(a + jw) sinbT - b cosbT] 
(lib) 
(12) 
(13) 
C, e-tu+jw)T 
+ (a + jw)* + b2 
[-(a + jw) cosbT + b sinbT1. 
The first term on the right hand side of Eq. (13) is F( jo). Employing the triangle inequality 
of complex variables, the magnitude of F’( jo) is given by 
F’(w) 5 F(w) + (u + jw)2 + b2 (e-‘“+h’T[-(u + jw) sinbT - b cosbZ’J[ 
+ CZ 
(a + jo)* + bZ 
\e-ta+Jo)T-(u + jo) cosbT + b sinb7I\, (14) 
where 
CI mp(1 - 2p*)/dz 
(a + jo)’ + bz = d (p’ - o*y + (2/U@)* 
(154 
and 
tip’ -t (2pw)2 F(w) 1 - 2$ 
d/p” + (2/&O)* = X& + (2/U)* * VT-j? 
c2 2mBp d/p’ + c&w)* F(w) 
(a + jw)* + b* = d (p* - W2)2 + (2/M.@)’ d p’ + (2/_&o)* = v$’ + (2/.Lw)2 
* 2/.~. (15b) 
Substituting Eqs. (15) into Eq. (14) and obtaining the magnitudes of the remaining terms 
yields 
F’(o) = F(w) [ 1 + E(W)], (16) 
where E(W) is given by 
PC, + wca 
l (O) = 4/p* + (2/Lw)2 e 
-,‘,jT 
(17) 
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Fig. 3. Effect of time domain truncation on the Fourier Transform of fit) given by Eqs. (10): (1) exact transform 
and as computed from Eq. 16 with T = 1.024 set; (2) from Eq. (16) with T = 0.408 sec. 
and 
cs = lcosp d/1 - /.A271 + 2p(l - 2pZ) 
- 
dm IsW dl - $71 
1 - 2/&Z 
c,= - dl _ ccz (IsinP v i ‘-CL271 + 2plcosp 41 - p271). 
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Solving for fk/fO in Eq. (9) gives 
fklfo = eepoT. 
Substituting this result into Eq. (17) yields 
(18) 
(1% 
For /J 5 0.707*, the constants C3 and Cq are positive and of order 1 or less. Similarly, 
the quantity (p + w)k/p* + (2+0)’ is also positive and of order 1. Hence, E(W) is positive 
and of the same order as &.l&). 
By rewriting Eq. (16) as 
F’(w) - F(w) < E(O) 
F(w) - 
(20) 
it is seen that E(W) represents the upper bound of the fractional error (or percentage of 
error if multiplied by 100) associated with F’(o) and, since E(O) z 0, F’(w) converges to 
F(w) as the amplitude ratio (j,JfO) decreases (i.e., with increasing duration time, T). 
To illustrate the convergence of F’(o) to F(w), Fig. 3 gives comparisons of Fourier 
Transforms of Eqs. (10) for T = 0.408, 1.024, and approaching m. These times correspond 
to amplitude ratios of cfk/fO) = 0.02, 5 x 10e5 and 0, respectively. The values used for m, 
/3, and CL (8.39 x lo4 g, 1oTT rad/sec, and 0.312, respectively) are based on a Coermann 
et al. [13, 141 single degree-of-freedom representation of a 185 lb man. The agreement 
for the T = 1.024 and T * m transforms is exact to three decimal places. 
The solution procedure used to obtain model impedances can be broken down into the 
following main steps: 
(1) A unit step velocity is prescribed at the point of interest (the driving point&either 
the pelvis or the seat; 
(2) The discrete internal force-time history at the driving point is computed; 
(3) The impedance is then given by the ratio of the magnitudes of the FFT’s of the 
discrete internal force response at the driving point and the input unit step velocity. 
Note that these three steps occur as part of a single computer run. Figure 4 compares 
the modulus of impedance, as computed by this procedure (this will also be referred to 
as the numerically determined impedance), of a simple damped oscillator driven through 
the support by a unit step velocity to the analytically computed (exact) modulus of imped- 
ance. Note that the agreement is extremely good. The Coermann et al. values for m, p, 
and /.L were used. The numerical procedure employed a solution duration of 1.024 set 
(T) with a solution time increment of 0.004 set (At) resulting in 256 samples (N). These 
values are those which were generally used in obtaining model impedances. 
Also shown in Fig. 4 is the mean of the human volunteer impedances obtained by 
Vogt et crl. [IS]. This curve lies below those for the simple damped oscillator because 
the effective driven mass in the experiments was lower. 
*As is characteristic of the present study as well as many vibration problems concerning structural and 
biomechanical systems. 
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Fig. 4. Comparison of experimentally, analytically, and numerically determined impedance curves; (1) exper- 
imentally determined impedance curve of Vogt et <I/.; (2) analytically computed impedance curve for single 
degree-of-freedom system; (3) numerically determined impedance curve for single degree-of-freedom system. 
4. ILS AND ILSV IMPEDANCES 
In this section the numerically computed impedances of the ILS (the isolated liga- 
mentous spine model of Belytschko et al. [Ill) and the ILSV (the isolated ligamentous 
spine with viscera developed during this investigation [17, 181) are compared to the ex- 
perimentally determined impedances of Vogt et al. 1151. These results form part of those 
obtained from a series of impedance studies used to determine the stiffnesses of the 
viscera-spine lateral interaction elements and to adjust the model damping parameters. 
The stiffnesses of the viscera-spine lateral interaction elements were determined using 
the SSM (simplified spine model), a simplified version of the ILSV 117, 181. The SSM, 
which was shown to be capable of reproducing the overall response and force levels 
exhibited by the ILSV, was developed for use in studies concerned with overall model 
responses rather than detailed responses at individual vertebral levels. Since the SSM 
contains a much smaller number of degrees of freedom (48 as compared to 162 for the 
ILSV), it is well suited for use in studies requiring both a large number of simulations 
and a minimum of computational effort per simulation. 
For the SSM, the linear stiffnesses of the lateral visceral elements were initially chosen 
to be of the same order as the linear stiffnesses of the vertical visceral elements. A 
parameter study was then made in which SSM impedances were determined for different 
lateral visceral element stiffnesses, all other model parameters remaining constant. Vary- 
ing the stiffnesses of these elements causes the impedance peaks corresponding to the 
vibration modes most influenced by them (spine flexural modes) to shift and change in 
magnitude (increasing stiffness corresponds to a shift toward higher frequencies and an 
increase in magnitude). The stiffnesses were then adjusted so as to obtain reasonable 
agreement as to peak locations between SSM and experimental impedances. The SSM 
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lateral visceral element stiffnesses were used as a basis for the ILSV lateral visceral 
element stiffnesses. Only moderate adjustments were then necessary. 
The ILSV damping parameters were determined by approximately matching the ILSV 
and experimental impedance curve shapes. Varying the damping associated with a par- 
ticular vibration mode affects primarily the magnitude of the impedance peak associated 
with that mode (an increase in damping causes an increase in magnitude and a slight shift 
toward higher frequencies). In this manner, the following damping levels were obtained 
for the ILSV: 30% for the lowest longitudinal visceral mode (5.5 Hz); 20% for the lowest 
spine axial mode (13.17 Hz); 15% for the third spine flexural mode (5.5 Hz) for which 
most of the deformation occurs in the lumbar spine. These frequencies are undamped 
natural frequencies obtained from a two-dimensional modal analysis of the ILSV with 
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Fig. 5. Comparison of (1) experimentally determined impedance curve of Vogt et al., with (2) ILSV. and (3) 
ILS impedance curves. (2) and (3) do not contain the effects of the seat. 
206 E.PRIVITZERAND T. BELYTSCHKO 
the pelvis fixed. They do not represent the exact natural frequencies of these subsystems, 
rather, they correspond to those two-dimensional ILSV vibration modes most influenced 
by these subsystems. The spine flexural mode damping was based on the third spine 
flexural mode rather than the first or second, because this was the flexural mode most 
readily excited by vertical (+ G,) dynamic input at the pelvis or seat. 
Figure 5 compares the numerically obtained impedance curves of the ILSV and the 
ILS. In obtaining these curves the unit step velocity was prescribed at the pelvic mass 
center, hence the effects of the seat are not considered. The averaged Vogt et (11. 1151 
experimentally measured impedance curve is also shown in Fig. 5. Since Vogt et (11. 
obtained their results by vertical sinusoidal oscillation of loosely restrained seated sub- 
jects, the effects of the seat are included. The average effective mass of the Vogt et (11. 
subjects was 6.94 x IO4 g (153 lb/G, G = 32.2 ft/sec’) which does not include the mass 
of the lower legs and feet. The effective mass of both the ILSV and ILS is 4.98 X 10“ g 
(110 lb/G) which does not include the leg or arm masses. In the ILSV, the visceral mass 
is 1.28 x IO4 g (28 lb/G). 
The ILSV (without seat) impedance exhibits peaks at 6 and 13.5 Hz compared to 4.9 
and 14 Hz for the experimentally obtained curve. The 6 Hz peak corresponds to the 5.5 
Hz ILSV vibration mode, i.e., a combination of the first visceral longitudinal mode and 
the third spine flexural mode. The 13.5 Hz peak corresponds to the 13.17 Hz ILSV 
vibration mode, i.e., the first spine axial mode. The impedance peaks occur at slightly 
higher frequencies than the corresponding natural frequencies because of the damping 
(at zero damping impedance peaks becomes spikes and occur at the natural frequencies). 
The ILS (also without seat) impedance exhibits four major peaks in the 0 to 16 Hz 
range. The first three correspond to flexural modes and the fourth to the lowest spine 
axial mode. The major differences between the ILS and ILSV are (1) the ILS does not 
include a model of the viscera-abdominal wall system and (2) the damping levels in the 
ILS are much lower-the ILS damping parameters are based on 10% damping of the 
lowest spine axial mode and no damping of the flexural modes. Although direct compar- 
ison is difficult because the ILSV and ILS impedance curves do not include the effects 
of the seat whereas the experimental curve does, it is apparent from Fig. 5 that the ILSV 
shows much better agreement with the experimental curve than the ILS. 
The ILSV with seat impedance is compared to the Vogt et al. experimental curve in 
Fig. 6. The major peak of the ILSV impedance curves occurs at approximately 4.8 Hz, 
compared to 4.9 Hz for the experimental curve. The 4.8 Hz peak is dominated (with 
respect to magnitude and location) by a resonance of the seat-spine system which cor- 
responds approximately to the ILSV steatopygic mode-most of the deformation occurs 
within the seat itself. This peak can also be attributed, to a much lesser degree, to 
resonances of the first longitudinal visceral mode and the third spine flexural mode. 
ILSV with seat impedance curves were obtained for several values of seat damping 
ratio. Figure 6 shows the curves for seat damping ratios of 0.30 and 0.15, respectively. 
The 0.15 curve shows very good agreement with the experimental curve with respect to 
the magnitude and location of the major peak. Comparison of the shapes of the major 
peaks of the 0.15 curve and the experimental curve, however, indicates that a seat damp- 
ing ratio of 0.15 may be too low. The more rounded and broader peak of the experimental 
curve implies a higher damping level. Since the mass of the ILSV is less than the average 
effective mass of the volunteers employed by Vogt ef al. the magnitude of the major 
peak in the ILSV impedance curve must be less than that of the corresponding peak in 
the experimental curve for similar damping levels. These considerations indicate that the 
ILSV impedance with a seat damping ratio of 0.3 matches the experimental curve better 
than with a seat damping ratio of 0.15. This agrees well with the damping ratio of 0.312 
which Coermann et al. 113, 141 used in their simple damped oscillator model of a 185 lb 
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Fig. 6. Comparison of (1) experimentally determined impedance curve of Vogt et al. to (2) and (3) ILSV 
impedances with seat damping ratios of 0.3 and 0.15, respectively. 
man. Note, however, that they did not specify that this damping ratio was indicative of 
seat damping levels. 
Although not apparent in their results, Vogt et al. report that in most cases a small 
peak around 10 Hz is evident. They speculate that this peak is associated with a 
“deformation in the pelvis region” but they do not provide any basis for this reasoning 
and they do not speculate as to whether this deformation is axial or flexural. The ILSV 
impedance with seat damping ratio of 0.3 exhibits a very flat peak at approximately 10 
Hz. This peak corresponds to a resonance of the second seat-spine system longitudinal 
mode which consists of deformation of the seat and, to a lesser extent, nearly uniform 
deformation along the spine. 
Vogt et al. also note the presence of a small peak in the vicinity of 15 Hz (located at 
approximately 14 Hz in the experimental curve in Fig. 6) but they do not speculate as to 
the cause of this peak. It has already been noted that the ILSV without seat impedance 
curve exhibits a peak at 13.5 Hz which essentially corresponds to the first spine axial 
mode. This peak does not appear in the ILSV with seat impedance curve (in the 0 to 16 
Hz range). In the ILSV with seat, the first mode consisting primarily of axial deformation 
in the spine occurs at approximately 19 Hz. 
The shift in frequency of the first ILSV mode to consist primarily of axial deformation 
in the spine with the introduction of the seat element requires clarification. In obtaining 
the ILSV without seat impedance curve the motion of the pelvis is prescribed and the 
first axial mode deformation of the remainder of the spine (Tl -L5) plus the head is similar 
to the first axial mode of a rod fixed at one end. In obtaining the ILSV with seat imped- 
ance curve the motion of the seat is prescribed. Since the seat stiffness is much lower 
than the intervertebral disc axial stiffnesses the pelvis moves with the spine and the first 
axial mode deformation of the pelvis-spine-head system is similar to the first axial mode 
of a rod which is free at both ends. For a uniform rod, the natural frequency of the first 
free-free axial mode is twice the natural frequency of the first fixed-free axial mode. 
Hence, although the frequency shift described above may be questionable from a physical 
viewpoint, it is not surprising mathematically. Since, to the authors’ knowledge, ‘it is not 
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possible 
et al. [ 111 ILS (isolated ligamentous spine model), was developed during this 
investigation [17, 181. The major modifications to the ILS were the incorporation of a 
detailed model of the viscera-abdominal wall system and the increasing of the model’s 
damping parameters. Comparison of the numerically computed ILSV and ILS impedance 
curves with the Vogt et al. [I51 experimentally obtained curve showed that the ILSV 
curve was in much better agreement with the experimental curve than the ILS impedance. 
It is generally very difficult to determine which resonances of the human body corre- 
spond to the different peaks exhibited by experimentally obtained impedance curves for 
seated human volunteers. Even the dominant feature of these curves in the 0 to 16 Hz 
range, the peak which typically occurs at approximately 5 Hz, has been attributed to 
different body responses by different investigators: Coermann et al. [13, 141 attribute this 
peak to a pelvis-spine system flexural mode; Vogt et al. 1151 point out that the funda- 
mental resonance in the spinal direction of the seated human body occurs at approxi- 
mately 5 Hz but they make no attempt to attribute this resonance to a specific response; 
Payne and Band 151 and Payne 1271 attribute this peak to the steatopygic mode-the 
approximate rigid body motion of the torso in connection with the stiffness of the but- 
tocks. 
The results of Coermann et al. [ 141 also suggest that the 5 Hz peak may be attributed, 
in part, to a resonance of the combined action of the viscera-abdominal wall and 
lung-chest subsystems. This peak can not be solely attributed to these two subsystems 
because of the relatively low mass associated with them compared to the total mass of 
the torso. 
The 5 Hz peak in the ILSV with seat impedance curve was found to correspond to a 
large extent on the steatopygic mode and to a much lesser degree on the first longitudinal 
visceral mode and the third spine flexural mode. This agrees, qualitatively, with the 
observations of the previous investigators mentioned above. In the absence of a seat a 
peak still occurs in the vicinity of 5 Hz (i.e., at 6 Hz) though lower in magnitude. This 
peak corresponds to the first longitudinal visceral mode and the third spine flexural mode 
of the model. 
Other than the magnitude, location, and shape of the dominant peak, it is very difficult 
to make comparisons between numerically obtained model impedances and experimen- 
tally obtained human volunteer impedances. As already noted it is generally very difficult 
to correlate impedance peaks with the human body responses which cause them. Vari- 
ability in seat properties (e.g., variations in buttock size, muscle tension, and tonus) from 
subject to subject result in considerable scatter in experimentally measured impedances, 
particularly with respect to location and magnitude of the smaller peaks. Variability in 
posture from subject to subject or interaction between the subject and the experimental 
setup can have similar consequences. As an example, Vogt et al. [I51 suggest hat subject 
interaction with the back rest of the chair eliminated a 10 Hz resonance and caused a 15 
Hz resonance to be only slightly evident. 
Despite these drawbacks to experimental measurements of human volunteer imped- 
ances, they constitute a major source of dynamic human body response data and cannot 
be overlooked in the process of model validation. 
. 
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